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1. Initially Alex, Betty, and Charlie had a total of 444 peanuts. Charlie had the most peanuts, and Alex
had the least. The three numbers of peanuts that each person had form a geometric progression. Alex
eats 5 of his peanuts, Betty eats 9 of her peanuts, and Charlie eats 25 of his peanuts. Now the three
numbers of peanuts that each person has form an arithmetic progression. Find the number of peanuts

Alex had initially.

Alex,Betty il Charlie &5 444 BifeA:, Alex MifeAiiR/b, Charlie BfEA % . A AIRABA K —
NELE) . Alex izfs 5 BEA, Betty iz 9 BifEAE, Charlie BZf5 25 BifEAEZ G, =4 AMTELE
B — A ZEI . SRFIFFIERII 5 Alex B

fEdT 108,

WA E, KR T4 R Alex 693 A K H ©, Betty 692 HKH nq, Charlie 92 KK v¢®, N

T+ xq + xq® = 444,

r—5+x¢> —25=2(zq—9),
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. There is a 40% chance of rain on Saturday and a 30% of rain on Sunday. However, it is twice as likely to
rain on Sunday if it rains on Saturday than if it does not rain on Saturday. The probability that it rains

a
at least one day this weekend is 7 where a and b are relatively prime positive integers. Find a +b.

CHENHIFETRRER S 40% , F HEFETRHER S 30% . ST B4 1E T I R AE 2R 2 S S A e 7 £
%#T%H%W%@%21%«&%ﬁ%5%%§¢ﬁ*%?ﬁ%m$%%}J$Fmbﬁﬁﬁ%E%ﬁ-
K oa+b B{HE.
fEdr 107,

EFEH A KTFASNKER, F4 B ATABKA, I P(A)=04,P(B)=03, %

P(B|A) =

_ 9

AR XA B RREYH— KT RGEES,

P(AB) + P (AB) + P (AB) = P(A) + P (AB) = 2¢.

. Let =,y and z be real numbers satisfying the system

logy(zyz —3+logsx) =5
logg(zyz —3+loggy) =4

log,(xyz —3+1logs z) =4.

Find the value of |logs x| + |logs y| + |logs 2] .
CHSHL @y, 2 R
log, (zyz — 3 + logs x) = 5,
logs (zyz — 3 +logs y) = 4,
log, (zyz — 3 + logy; z) = 4.
K |logs z| + [logs y| + [logs 2| HIfH.-
Bt 265.

% a=logsx,b=1logsy,c=logs z, WM

50tbFe g = 35,
patbte 4 p =84,

prtbte e = 259,



b= XAadm, T4 35904 L (a+b+c)=378, Bk a+b+c=3, & THT

a = —90,
b= —41,
c = 134.

. An a X b x ¢ rectangular box is built from «-b- ¢ unit cubes. Each unit cube is colored red, green, or
yellow. Each of the a layers of size 1 x b x ¢ parallel to the (b x ¢)-faces of the box contains exactly 9
red cubes, exactly 12 green cubes, and some yellow cubes. Each of the b layers of size a x 1 x ¢ parallel
to the (a x c)-faces of the box contains exactly 20 green cubes, exactly 25 yellow cubes, and some red

cubes. Find the smallest possible volume of the box.

a-b-c MEFA 1 BN IE TP — A RN a x bx e KT, GAAAIE T AR ER#HRET
ZIf. FEAEE GO SPE—MEIE. U0 x ¢ WP OUFA 1 xbxc) MB—1"a 2L
A 9 NLLARGIET . 12 M@ AAIE TR DS FAEARAIET A, F%a x c T PT R H
ax1lxec) M —AND BHIBIEA 25 MEEAMNIET AR 20 AN IE DL S T
T SRR TR TR 5/ ME

AT 180

BAE—ANa BAIEH o AREPEEFKR, AT BB y M e LEETK. BT,
TA

9a = yb,
xa = 25D,
12a = 200,
"
3a = 5b,
xr =15,
y = 15.

HOZ K IR RIR V =36a > 180, Hsm, F 57T ARE].

. Triangle ABC{ has a right angle at Cj. Its side lengths are pairwise relatively prime positive integers,
and its perimeter is p. Let C; be the foot of the altitude to AB, and for n > 2, let C, be the foot of
the altitude to C,,—2B in AC,_2Cp_1B. The sum > C,_1C, =6p. Find p.

n=1
HA=ZM ABCy (Co NHEM) M=K EWW B IEES, KA p. 1 CoCy L AB F Cr, 4
n>=2 K, ¥ C,_1C, L BCh_o F C,. BEHI f}lcn_lcn =6p, K p BY1E.
AT 182. -

WGy #RA h. BH Y CurCn=6p, FiRt
n=1

h ( 1 1 )
D ————r — A A
1—sinA 6h sin A + cos A + tan A+ cot ’



1
#1212 7sinA—6cosA=6, fiF cosA:£ (cosA=-1 4%).

BrvA p=13+84+85=182.

1 1
. For polynomial P(z)=1— 3% + 6302 , define

50
Q(z) = P(x)P(a*)P(2°)P(«")P(2°) = ) a’.
=0

50
m
Then E |a;] = — , where m and n are relatively prime positive integers. Find m +n.
n
=0

11
EMEHX P(r) =1- o+ -2?, EX

3776
50

Q(z) = P(z)P(z*)P(z°)P(z")P(2) = Y a;a’
=0

50

B il = 2L S0 mon KRS R m o B
=0

fgtr o 2715,

50 3\° 243

Swi=ecn=(3) =%
. Squares ABCD and EFGH have a common center and AB || EF . The area of ABCD is 2016, and
the area of EFGH 1is a smaller positive integer. Square IJKL is constructed so that each of its vertices
lies on a side of ABC'D and each vertex of FFGH lies on a side of IJKL . Find the difference between

the largest and smallest possible integer values of the area of IJKL.

IET7% ABCD WEA 2016, IE7H I[JKL B 4 DMSESAHEEIETT R ABCD ) 4 ik L,
HuEANIERE . [E7¥ EFGH #) 4 ANTREGAFAEIETTE [JKL #) 4 &bk, HPO5IESRTE
ABCD WjHbESR, EF | AB, HHEBRZ—A/NT 2016 BIEEE. KIETTE [JKL HRBHAME
Hi/MER 2 .
AT 840.
WM E, KEFH ABCD @y S1=2016, £5% [JKL ¢9&@#A So=2016q, £5 % EFGH
1
#mAnA Sy =2016¢%, L+ 3 <g<1.
RR, E%5% IJKL @8R MEA 1008 .
B A S1S3=122.1453 =57 A RAFFHE, % S3=14m?, X+ m HEHEH.
m 11
A Sy =12-14 TR =22
Bk So m, HITHF ¢ oS
11 ;
ZL, % 1= 15 it AT, TAEZSH [JKL |6k K444 1848 .
. Find the number of sets {a,b,c} of three distinct positive integers with the property that the product of
a,b, and c is equal to the product of 11,21,31,41,51, and 61.

a,b,c EENANFEIERE, abe=11-21-31-41-51-61 . KFTAHEERNES {a.b,c} B
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fEMT 728

WM&, abc=11-3-7-31-41-3-17-61. 2% 11,7,31,41,17,61 & 6 A~EH, CNDBR % a,b,c
#7 XA 36 =729 A,

BTREEAAN 3, €MD % a,bc 89FXEH CI=6 #F.
FH abe EAKTHMRAKG T ERA 203=6 (AAAKET 1| SABAKFT 3) F.

. . . . 36.02 —2C2
FRAFEAFNIRUARFY, HABLERGOES {0,bc} WAHEH — 5 =T28.
3
The sequences of positive integers 1,ao,as, -+ and 1,bo,b3, -+ are an increasing arithmetic sequence

and an increasing geometric sequence, respectively. Let ¢, = a, + b, . There is an integer k such that
ck—1 = 100 and ciy1 = 1000. Find ¢y, .

Lag,az, -+ A& A IERL ) BB 5 25T, 1,02, b3, -+ &I A IEREEN B
HIERELED]. & o =an + b, . CHFFERE & W2 o1 =100, cx40 = 1000, 3R ¢ HIH-

AT 262 .
WAE, X a,=1+n-1)d, £F d REEHK; b,=q¢" ', ¥ ¢ RRXFHFF 2 W EXLHK.

#q=210, BHHEHEAETRHA.

q , B—IET e, B AL S {a,} A 1,91,181,271,--- , %7 {b,} 4 1,9,81,729,--- ,
k=3 s eaE.

Triangle ABC is inscribed in circle w. Points P and @ are on side AB with AP < AQ. Rays CP
and CQ meet w again at S and T (other than C'), respectively. If AP =4,PQ =3,QB =6,BT =5,

and AS =7, then ST = m , where m and n are relatively prime positive integers. Find m +n .
n

=M ABC WETHE w, P,Q 2Z&B AB LM&S., H AP < AQ . 4k CP,CQ #HIXKHE w F
MOS,T. B AP=4,PQ=3,QB=6,BT =5 AS =7, #% ST:%, Hod m,n A E R ERSE .
R m+n WE.

fEAT 043

S T
FE— B, B4%IUT T Chasles I 4,
[CA,CT;CS,CB| = [A,T; S, B] = [A,Q; P, B],

Brh ST = %5
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AT wH, BA

AP-QB-ST AP QB ST
AS-BT-PQ AS BT PQ

AP QC ST

AS CA PQ

AP QC ST

CA PQ AS

sin ZACP sin ZCPQ sin ZPCQ
sin ZAPC sin /ZPCQ sin ZACP

=1,

vk ST = %

For positive integers N and k, define N to be k-nice if there exists a positive integer a such that a*
has exactly N positive divisors. Find the number of positive integers less than 1000 that are neither

7-nice nor 8 -nice.
STIERE Nk, SEEERE o, 13 o BIFE N ANERS, WK N 2—ANE-I54807 RAT
1000 FYIERERC, BEAR" 7-0F40 SORR" 8 -1 45" 1 IERE B 4L

fEAT 749,

Dda, k-FHEEE E & 1 895

FeF 1000 89 EEH Y TAFHA 1,8,---,995, FE 143 AN 845 A 1,9,---,993, £ 125
AN 56 AFHAH 1,57, ,953, H 18 A,

PR T 1000 89 A, B AT A7 3 LR RS 8 AF 5 09 EHE KA A A 999 -143-125+18 =
749 .

The figure below shows a ring made of six small sections which you are to paint on a wall. You have four
paint colors available and will paint each of the six sections a solid color. Find the number of ways you

can choose to paint each of the six sections if no two adjacent section can be painted with the same color.

A4 MARRBEL TEPE 6 Mmpgee, SNEIRHG 6, MR EIRRARBEI6, KT
AR TR
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fENT 732,
— ey, BMEAXER bk HARRAGFREE n NEREENOF XK a, .

FE—
Gp + Gp—1 :k"(k‘_l)n717 a; =0, a2:k(k_1)7
B3
anp=(k-1)"4+(k-1)-(—1)™
EZ
an = (k=2)an—1+ (k—Dan—2, a1 =0, az=k(k-1),
s

an = (k—1)" 4+ (k — 1) - (~1)™

Beatrix is going to place six rooks on a 6 x 6 chessboard where both the rows and columns are labelled
1 to 6; the rooks are placed so that no two rooks are in the same row or the same column. The value of
a square is the sum of its row number and column number. The score of an arrangement of rooks is the
least value of any occupied square. The average score over all valid configurations is g , where p and ¢

are relatively prime positive integers. Find p + ¢ .

Beatrix ZE—4~ 6 x 6 B T 6 BT, EEWAEETFEEAER — TR AER—F . & XHE—K
T BB M EL e O B AT S FIE 2, E X 6 MO TR EAME X 6 MO ERRAME . ¥RT
HHFI R 6 MO TR S EREES e R g, He p,g MEFWIEREE. R p+q BIME.

fatr 371

6 M TFHEoMERAMMES X .

(1)X >2 &9 UA 6! =720 F.

(2)X >3 &HAA 550 =600 FF.

(3)X >4 89 A 4241 =384 #F.

(4)X =5 s A 33-31=162 .

(5)X >6 &yt A 24-21=32 4.

(6)X =7 895 A 1 #F.

FEPTE, PIAHESIT 6 HALT A G AT A

oo

Z 72047204+ 600 + 384 + 162+ 32+1 291
k=1 ’

A X R GERMAENEE, 0

B(X) = ip(x > k).



14. Equilateral AABC' has side length 600. Points P and @ lie outside of the plane of AABC and are on

15.

the opposite sides of the plane. Furthermore, PA = PB = PC', and QA = QB = QC , and the planes of
APAB and AQAB form a 120° dihedral angle (The angle between the two planes). There is a point
O whose distance from each of A, B,C, P and @ is d. Find d.

FN=ZMAY AABC WiaKh 600 . & P,Q eV ABC WAME, FFHAMALTFE ABC WHM.
PA=PB=PC, QA=QB=QC, —Hifi P—AB—-Q HKR/NA 120° . HZERPHFER O, Bl
A,B,C,P,Q WHEEYET d, K 4 BfE.

fEAT 450 .

# G =& AABC #hdw, M R%H) AB #9¥ &, W L/PAQ =90°,/PMQ =120°. #% GM =a =
100v/3,PM =2,QM =y . £ APMQ ¥, &

PQ? =2’ +y* +ay,
£ APAQ ¥, &
PQ? = AP? + AQ? = 2AM? + PM? + QM? = 6a* + 2° + 2,

28
zy = 6a”.

£ APMQ ¥, W&
QSAPMQ:ZEySiHZPMQ:PQ~GM,

T4 PQ = 3v/3a =900 . Ff A

1
d= §PQ = 450.
) 1 1 ..
For 1 <i<215 let a; = 5 and as16 = 5215 - Let x1,zs, -+ ,T216 be positive real numbers such that

216 107 28 422
;_lac an E Tij 215+i251 2(1—a)

1<i<j<216

m . .
The maximum possible value of xo = — |, where m and n are relatively prime positive integers. Find
n

m-+n.

1, 1 ; -
E%ﬂ a; = 7(221727"' 7215) > a216 = ﬁ . E%i& L1, T2, ,T216 ‘{W‘j/@.

21'
216 216
107 a;z?
1 = oL _ T
Zl’z 5 Z l‘zl‘j 215 +22(1—a1)
i=1 1<i<j<216 i=1

B 2o BIERAAEH %, Hipomon HERIERBE. K m+n WHE.
fiZfT 863 .
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216

ZCL’,Q +2
i=1

D

1<i<j<216

216 214 216
Tij :Zz?wgﬁi
=1 1

1=

214

aix?

216
;
T216 z; _
11— 26 T 215
1 —a2e (1—a)
=1
a3
27 7915 T 860

1—ai:Tw

216

>

i=1

2
T3

1—ai

3



